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High-power free-electron laser (FEL) amplifiers present many practical design and construction
problems. One such problem is possible damage to any optical beam control elements beyond the
wiggler. The ability to increase the optical beam’s divergence angle after the wiggler, thereby reducing the
intensity on the first optical element, is important to minimize such damage. One proposal to accomplish
this optical beam spreading is to pinch the electron beam thereby focusing the radiation as well. In this
paper, we analyze an approach that relies on the natural betatron motion to pinch the electron beam near
the end of the wiggler. We also consider a step-tapered, two-stage wiggler to enhance the efficiency. The
combination of a pinched electron beam and step-taper wiggler leads to additional optical guiding of the
optical beam. This novel configuration is studied in simulation using the MEDUSA code. For a representa-
tive set of beam and wiggler parameters, we discuss (i) the effect of the scalloped beam on the interaction
in the FEL and on the focusing and propagation of the radiation, and (ii) the efficiency enhancement in the
two-stage wiggler.
DOI: 10.1103/PhysRevSTAB.9.050703 PACS numbers: 41.60.Cr
I. INTRODUCTION
High-gain free-electron laser (FEL) amplifiers have
been proposed as a viable approach to high-power FEL
[1]. Typical high-gain FEL amplifiers employ an electron
beam that is ‘‘matched’’ to the wiggler so that the envelope
remains constant throughout the wiggler. The main advan-
tage of an amplifier over an oscillator for high-average
power FELs is that the amplifier has no resonator optics
that can suffer either distortion or damage and, thereby,
shut down the FEL interaction. However, since the optical
beam produced by the amplifier has low divergence and
high power, any optical elements in its path can be dam-
aged if the beam has not expanded to a sufficiently low
power density. Consequently, the first optical elements
must be placed a long distance from the wiggler to mini-
mize the optical power density on the optical elements. For
many high-power FEL designs, however, it is important to
shorten that distance by increasing the optical mode’s
divergence angle (and thus the radius on the first optical
elements).
Sprangle et al. [2] first proposed pinching the electron
beam with external magnetic focusing elements at the end
of the wiggler in an FEL amplifier to increase the diver-
gence of the optical mode beyond the wiggler. Because the
optical mode is guided by the interaction with the electron
beam, pinching the electron beam will result in pinching of
the optical mode. Since the optical mode’s divergence
angle is inversely proportional to the mode radius, pinching
of the electron beam eventually gives rise to more rapid
expansion of the optical mode after the wiggler than would
be obtained by using an electron beam that is matched to
the wiggler.
Using external magnetic focusing elements such as
quadrupole focusing magnets introduces variations in the
electron beam longitudinal velocity and therefore reduces
the strength of the FEL interaction, resulting in decreased
optical guiding. In this paper, we present an alternate
approach for pinching the electron beam by relying on
betatron motion due to natural (weak) focusing to produce
a pinched electron beam near the end of the wiggler. The
advantage of natural focusing over quadrupole focusing is
that the FEL resonance condition of the electrons due to
their initial Lorentz factor, transverse position, and trans-
verse angle is not affected by betatron oscillations. The
configuration is illustrated schematically in Fig. 1. The
electron beam is injected into the wiggler with a radius
(!f) smaller than the matched-beam radius (!m) so that
betatron oscillation places the electron beam waist at one
scalloping period ("!) from the entrance. The ‘‘pinch
point’’ is located within the second wiggler segment of a
step-tapered wiggler. Optical guiding in a high-gain FEL
typically ends as the interaction saturates and the optical
mode starts to expand near the end of the wiggler.
However, in this design the second wiggler segment has
a smaller aw that maintains the resonant interaction so
exponential gain and optical guiding continue to the waist
of the scalloped electron beam. The combination of optical
guiding and a pinched electron beam causes the optical
PHYSICAL REVIEW SPECIAL TOPICS - ACCELERATORS AND BEAMS 9, 050703 (2006)
1098-4402=06=9(5)=050703(7) 050703-1 © 2006 The American Physical Society
mode to focus near the exit of the second wiggler, thereby
increasing the diffraction angle at the wiggler exit. It is
important to recognize that the second wiggler segment
performs two functions: (i) to extend, albeit briefly, optical
guiding and exponentiation so that focusing of the optical
mode continues, and (ii) to enhance the FEL extraction
efficiency.
The organization of the paper is as follows. We discuss
issues that may arise with using scalloped electron beams
in a high-gain FEL in Sec. II. In Sec. III, we describe the
three-dimensional simulation code MEDUSA [3,4] that
is used to model the FEL interaction with a scalloped
electron beam and a step-tapered, two-stage wiggler.
Section IV is devoted to discussion of the numerical simu-
lation results. We study, via numerical simulations, the
effect of the scalloped beam on the interaction in the
FEL and on the focusing and propagation of the radiation,
and the efficiency enhancement in the two-stage wiggler.
II. HIGH-GAIN FEL WITH SCALLOPED
ELECTRON BEAMS
Interest has largely focused on electron beams that are
matched to the wiggler in high-gain FEL amplifiers in the
sense that the beam envelope maintains a relatively con-
stant size and shape in the wiggler. This configuration puts
a stringent requirement on the normalized rms emittance
because the matched electron beam radius inside the wig-
gler depends on the beam emittance. Operating a high-gain
FEL with a scalloped electron beam relaxes the beam
emittance requirement since the electron beam needs
only to come to a waist near the end of the wiggler.
We can write the equation for the evolution of the
envelope of a relativistic, axisymmetric beam with equal











with the first term corresponding to betatron focusing, the
second term space-charge defocusing and the third term











where kw ! 2%="w is the wiggler wave number corre-





is the wiggler strength parameter corresponding to the peak
on-axis field B0; $ is the relativistic factor, "n is the
normalized rms emittance; I and IA are the beam and
Alfve´n currents, respectively; me is the electron rest
mass; and c the speed of light in vacuo. The second term
of Eq. (1) can be neglected for an emittance-dominated
beam. Under the steady-state condition, the emittance-









As the current increases, we can account for its effects by







where u ! ###2p $I=IA%=$$2"nk#% is a dimensionless space-
charge parameter [5]. Space charge also modifies the evo-
lution of the envelope for a mismatched beam. Using a first
order perturbation analysis of Eq. (1) we can show that
! ! !f # $!m " !f% sin$k!z%; (5)
where k! is defined as the scalloping wave number. In the
absence of space charge, k! is twice the betatron wave











First wiggler segment Second wiggler segment
FIG. 1. (Color) Illustration of a scalloped electron beam interaction in a two-stage wiggler.












The parameters of interest (see Table I) describe an
80 MeV=1000 A electron beam with an rms normalized
emittance of 10 mm-mrad, and a wiggler field such that the
betatron period is about 4.2 m. Using these parameters, the
space-charge-induced increase in the matched-beam radius
is 10% and the space-charge-induced increase in the scal-
loping period is 8%. Hence, space-charge effects on the
pinched-beam dynamics are negligible for the case of
interest, and need not be included in the simulations of
the concept.
The advantages of using a scalloped beam to increase
the divergence angle of the optical mode at the wiggler exit
can be illustrated by consideration of some simple scaling
laws. In the first place, the optical mode in the exponential
gain regime is guided by the interaction so that the filling
factor is relatively constant and the gain length scales
roughly as the one-dimensional theory predicts. Hence,
the gain length LG scales with beam radius ! roughly as
LG / !2=3. The diffraction angle &D scales inversely with
the spot size w0, i.e. &D ! "=%w0. Hence, if the optically
guided spot size corresponds to the pinched-beam radius
(w0 & !), then the diffraction angle will scale roughly as
&D / !"1. As a result, the effect of the pinched beam on
the gain length will be relatively weak, but it will have a
significant effect on increasing the diffraction angle.
Saturation occurs in an FEL when the bulk of the elec-
trons are trapped in the ponderomotive potential and exe-
cute half of a synchrotron oscillation so that as many
electrons are losing energy to the wave as gaining energy
from it. It is well known that a linear-tapered wiggler can
prolong the interaction and increase the extraction effi-
ciency. Improved FEL performance can also be achieved
using a step-tapered wiggler [6]. In either case, the taper
must begin after the electrons become trapped in the
ponderomotive potential but before saturation is reached.
However, optical guiding is weak in the FEL interaction in
a linear-tapered wiggler. In contrast, exponential growth
can be maintained in the second wiggler segment in a step-
tapered wiggler configuration, which also results in further
optical guiding. Moreover, the energy spread of the elec-
tron beam exiting the step-tapered wiggler is smaller than
in the linear-tapered wiggler.
A MATHCAD program using the PERSEO library has
been used to illustrate the FEL interaction in the step-
tapered wiggler [7]. As shown in the example in Fig. 2,
the phase-space distributions at the end of the first wiggler
segment (a) and the second wiggler segment (b) show the
electrons undergo additional deceleration in the second
wiggler segment. The resonant energy, $1 ! '"w$1#
a2w%=2"(1=2, of the first wiggler segment is 158.1 (red,
dashed line). At the end of the first wiggler segment, the







































































FIG. 2. (Color) Longitudinal phase space (a) at the end of the
first wiggler segment, and (b) at the end of the second wiggler
segment.
TABLE I. FEL and beam parameters used in MEDUSA simula-
tions.
FEL Parameters Symbols Values
Beam energy Eb 80.8 MeV
Peak current I 1 kA
rms Emittance (normalized) "n 10 mm-mrad
rms Energy spread "$=$ 0.25%
Wiggler period "w 2.18 cm
1st Wiggler section field Bwl 8.247 kG
1st Wiggler section parameter awl 1.187
1st Wiggler section length Lwl 1.918 m
2nd Wiggler section field Bw2 8.032 kG
2nd Wiggler section parameter aw2 1.156
2nd Wiggler section length Lw2 0.480 m
Matched-beam radius !m 0.23 mm
Beam radius at wiggler entrance !f 0.11 mm
Injected radiation peak power Pin 1 MW
Injected radiation waist w0 0.305 mm
Output radiation peak power Pout 1.45 GW
FEL extraction efficiency ' 1.8%
Output radiation minimum waist w0 0.258 mm
Output radiation Rayleigh range zR 6.36 cm
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The electron beam average $ has been reduced from the
injected value of 159.1 to 157.0, or 1.3% extraction effi-
ciency. Efficiency can be enhanced in a two-stage wiggler
where the second wiggler has lower aw (or shorter wiggler
period) and thus a lower resonant $2. In the example, the
second wiggler segment has a resonant $2 of 155.8 (blue,
dashed line). Consequently, the electrons continue to rotate
in the second wiggler’s ponderomotive potential to a lower
average $ of 155.3, or 2.4% extraction efficiency.
III. THE NUMERICAL FORMULATION
This configuration is studied in simulation using the
MEDUSA code [3,4], which employs a three-dimensional
formulation that includes the slippage of the radiation
relative to the electron beam. MEDUSA can model both
helical and planar wiggler geometry and treats the electro-
magnetic field as a superposition of either Gauss-Hermite
or Gauss-Laguerre modes in the slowly varying amplitude
approximation. We use the Gauss-Hermite modes in con-
junction with a two-plane focusing wiggler in this work;
hence,
(A$x; t% ! e^x
X
l;n;h
el;n;h$x; y%'(A$1%l;n;h cos’h # (A$2%l;n;h sin’h(;
(7)
where l and n are transverse mode numbers, h is the









y=wh%, Hl is the Hermite polynomial of order l,
and wh is the spot size, ’h ! h$k0z"!0t% #
)hr2=wh
2$k0 ! !0=c%. We assume that (A$1;2%l;n;h, wh, and






















where (a$1;2%l;n;h ! e(A$1;2%l;n;h=mec2, d=dz ! @=@z# c"1@=@t,
the ‘‘prime’’ superscript denotes the total z-derivative,

































where!b$z; t%2 ! 4%e2nb$z; t%=me for a beam density nb,
and Fl;n ! '2l#nl!n!("1. The spot size and radius of curva-











" $Xh # )hYh%: (12)
These equations constitute the source-dependent expan-
sion [8], which is a self-consistent adaptive eigenmode
representation that tracks the optical guiding of the mode
based upon the interaction with the electron beam. The
field equations are integrated simultaneously with the com-
plete three-dimensional Lorentz force equations for an
ensemble of electrons. No wiggler-average orbit approxi-
mation is used so that the spatial step size must be small
enough to resolve the wiggler motion.
IV. SIMULATION RESULTS AND DISCUSSION
Table I summarizes the FEL and beam parameters used
in the MEDUSA simulations. These parameters are chosen
for a 1.05-micron wavelength where high-power seed la-
sers exist. The electron parameters are challenging but
achievable via a high-brightness radio-frequency injector
in combination with a magnetic chicane buncher [9]. The
wiggler is a conventional permanent-magnet design with
parabolic pole faces to provide equal two-plane, sextupole
focusing [10]. The wiggler has two segments with slightly
different rms wiggler parameters (aw). We chose an input
peak power of 106 W (for instance, 1 *J pulse energy and
1 ps FWHM) to achieve saturation in the 1.9-m first





















FIG. 3. (Color) Power growth (black), optical beam radius (red),
and electron beam radius (blue) inside a matched-beam FEL
with a uniform wiggler.
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second waist of the electron beam envelope in the expo-
nential gain region of the 0.48-m second wiggler segment.
We first consider the case of a uniform wiggler with the
same aw as the first segment but the length is 1.9 m.
Figure 3 shows the optical power (black), optical beam
radius (red), and electron beam radius (blue) in this wig-
gler. The optical mode is guided up to a point just shy of
saturation (at 1.75 m). As saturation is approached, optical
guiding is reduced and the optical beam radius increases
near the end of the wiggler.
We now consider the case of a scalloped electron beam
with the two-stage wiggler shown in Table I. The optical
power (black), optical beam radius (red), and electron
beam radius (blue) are shown in Fig. 4. The second mini-
mum of the optical beam radius at z ! 2:15 m illustrates
the reestablishment of optical guiding as the electron beam
comes to a second waist (at z ! 2:05 m) in the second























FIG. 6. (Color) Power (black), optical beam radius (red), and
electron beam radius (blue) (green) over a large distance for a






















FIG. 5. (Color) Power (black), optical beam radius (red), and
electron beam radius (blue) over a large distance for a matched-




























FIG. 7. (Color) Power (black), optical beam radius (red), and
electron beam radius (blue) over a large distance for a matched-





















FIG. 4. (Color) Power growth (black), optical beam radius (red),
and electron beam radius (blue) inside a scalloped-beam FEL
with a two-stage wiggler.
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The two cases shown in Figs. 3 and 4 have implications
for the divergence of the optical mode beyond the wiggler
exit. The propagation of the optical mode beyond the
wiggler exit is shown in Figs. 5 and 6 for a uniform wiggler
and matched and scalloped electron beams, respectively.
Again we plot the optical power (black), optical beam
radius (red), and electron beam radius (blue) but over a
distance up to 14 m. For the case of matched beam in a
uniform wiggler (Fig. 5), the power reaches a maximum of
650 MW at z ! 1:9 m, and the optical beam expands to
11.2 mm at z ! 14 m yielding a divergence half-angle of
0.9 mrad. For the case of a scalloped beam with a uniform
wiggler (Fig. 6), the power reaches a maximum of
0.78 GW at z ! 2:14 m, and the optical beam expands to
22.1 mm at z ! 14 m yielding a divergence half-angle of
2.2 mrad. This is more than a factor of 2 increase in the
divergence angle over the matched-beam, uniform wiggler
case, and translates into a factor-of-five reduction in the
optical intensity on the first optical element.
The effects of the two-stage wiggler are illustrated in
Figs. 7 and 8, which correspond to Figs. 5 and 6, except the
uniform wiggler is replaced with a two-stage wiggler.
Figures 7 and 8 show the optical power (black), optical
beam radius (red), and electron beam radius (blue) for a
matched beam (Fig. 7) and a scalloped beam (Fig. 8). In the
matched-beam, two-stage wiggler case (Fig. 7), the power
reaches a maximum of 1.48 GW at z ! 2:6 m and optical
guiding is partially reestablished in the second wiggler
segment. Compared to the case of matched beam in a
uniform wiggler (Fig. 5), the divergence half-angle de-
creases slightly (from 0.9 to 0.86 mrad). In the scalloped-
beam, two-stage wiggler case (Fig. 8), the power reaches a
maximum of 1.45 GW, almost the same as the matched-
beam case, but the divergence half-angle is 1.6 mrad, al-
most twice the matched-beam, two-stage wiggler case
(0.86 mrad), and 1.7 times the matched-beam, uniform
wiggler case (0.9 mrad).
The average energy and energy distribution of the spent
electron beams for the uniform wiggler and two-stage
wiggler are shown in Figs. 9(a) and 9(b), respectively.
The average electron beam energy at the end of the uni-
form wiggler is 80.0 MeV, corresponding to 1.0% extrac-



























FIG. 8. (Color) Power (black), optical beam radius (red), and
electron beam radius (blue) over a large distance for a scalloped-












































FIG. 9. (Color) Spent beam distribution from (a) the uniform
wiggler, and (b) the two-stage wiggler.
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two-stage wiggler is 79.35 MeV, corresponding to 1.8%
extraction. The full energy spread (base width) increases
from 5.32 MeV (6.7%) for the uniform wiggler to
5.62 MeV (7.1%) for the two-stage wiggler. Thus, using
the two-stage wiggler increases the efficiency by a factor of
1.8. The penalties with using the two-stage wiggler are a
25% reduction in the divergence angle (from 2.2 to
1.6 mrad) and a slight increase in the energy spread of
the spent electron beam (from 6.7% to 7.1%).
We now consider the effect of focusing the electron
beam to different radii at the wiggler entrance, keeping
the beam emittance constant. As shown in Fig. 10, reduc-
ing the rms radius of the electron beam at first increases the
FEL divergence angle without affecting the peak power.
However, below the beam radius of 0.1 mm, there is a
significant reduction in the peak power and a concomitant
reduction in the FEL divergence angle. The optimum
electron beam radius is approximately 0.11 mm where
both the divergence angle and peak power remain large.
We also optimize the lengths of the first and second
wiggler segments for maximum efficiency enhancement
(Fig. 11). The optimum length for the two wiggler seg-
ments is about 2.4 m (110 periods). This is 7% longer than
the saturation length of the uniform wiggler with a scal-
loped electron beam (103 periods). The maximum en-
hancement factor of 1.9 is obtained with 88 periods in
the first segment, corresponding to the optimum prebunch-
ing of the electrons prior to injection into the second
segment.
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Number of periods in first wiggler segment
FIG. 11. (Color) Efficiency enhancement of the two-stage wig-





















Electron beam radius (mm)
FIG. 10. (Color) Dependence of optical power (circle) and di-
vergence half-angle (square) on the minimum electron beam
radius.
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